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1 Introduction
Let T be a locally compact Hausdorﬀ space and let A be a C∗-algebra of operators on
some Hilbert space H . We say that a ﬁeld (xt)t∈T of operators in A is continuous if the
function t → xt is norm continuous on T . If in addition μ is a Radon measure on T and
the function t → ‖xt‖ is integrable, then we can form the Bochner integral
∫
T xt dμ(t),
which is the unique element in A such that
ϕ
(∫
T
xt dμ(t)
)
=
∫
T
ϕ(xt)dμ(t)
for every linear functional ϕ in the norm dualA∗.
Assume further that there is a ﬁeld (φt)t∈T of positive linear mappings φt :A→ B from
A to another C∗-algebra B of operators on a Hilbert space K . We recall that a linear map-
ping φ : A → B is said to be positive if φ(x) ≥  for all x ≥ . We say that such a ﬁeld
(φt)t∈T is continuous if the function t → φt(x) is continuous for every x ∈ A. Let the
C∗-algebras include the identity operators and let the function t → φt(H ) be integrable
with
∫
T φt(H )dμ(t) = kK for some positive scalar k. If
∫
T φt(H )dμ(t) = K , we say that a
ﬁeld (φt)t∈T is unital.
Let B(H) be the C∗-algebra of all bounded linear operators on a Hilbert space H . We
deﬁne bounds of a self-adjoint operator x ∈ B(H) by
mx := inf‖ξ‖=〈xξ , ξ 〉 and Mx := sup‖ξ‖=〈xξ , ξ 〉 ()
for ξ ∈H . If Sp(x) denotes the spectrum of x, then Sp(x)⊆ [mx,Mx].
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For an operator x ∈ B(H), we deﬁne the operator |x| := (x∗x)/. Obviously, if x is self-
adjoint, then |x| = (x)/.
Jensen’s inequality is one of the most important inequalities. It has many applications in
mathematics and statistics and some other well-known inequalities are its special cases.
Let f be an operator convex function deﬁned on an interval I . Davis [] proved the so-
called Jensen operator inequality
f
(
φ(x)
)≤ φ(f (x)), ()
where φ : A→ B(K) is a unital completely positive linear mapping from a C∗-algebraA to
linear operators on a Hilbert space K , and x is a self-adjoint element in A with spectrum
in I . Subsequently, Choi [] noted that it is enough to assume that φ is unital and positive.
Mond, Pečarić, Hansen, Pedersen et al. in [–] studied another generalization of () for
operator convex functions. Moreover, Hansen et al. [] presented a general formulation of
Jensen’s operator inequality for a bounded continuous ﬁeld of self-adjoint operators and a
unital ﬁeld of positive linear mappings:
f
(∫
T
φt(xt)dμ(t)
)
≤
∫
T
φt
(
f (xt)
)
dμ(t), ()
where f is an operator convex function.
There is an extensive literature devoted to Jensen’s inequality concerning diﬀerent re-
ﬁnements and extensive results, e.g., see [–]. Mićić et al. [] proved that the discrete
version of () stands without operator convexity of f under a condition on the spectra
of operators. Recently, Mićić et al. [] presented a discrete version of reﬁned Jensen’s in-
equality for real-valued continuous convex functions. A continuous version is given below.
Theorem  Let (xt)t∈T be a bounded continuous ﬁeld of self-adjoint elements in a unital
C∗-algebra A deﬁned on a locally compact Hausdorﬀ space T equipped with a bounded
Radon measure μ. Let mt and Mt , mt ≤ Mt , be the bounds of xt , t ∈ T . Let (φt)t∈T be a
unital ﬁeld of positive linear mappings φt :A→ B fromA to another unital C∗-algebra B.
Let
(mx,Mx)∩ [mt ,Mt] = ∅, t ∈ T , and a < b,
where mx and Mx,mx ≤Mx, are the bounds of the operator x =
∫
T φt(xt)dμ(t) and
a = sup{Mt : Mt ≤mx, t ∈ T}, b = inf{mt : mt ≥Mx, t ∈ T}.
If f : I → R is a continuous convex (resp. concave) function provided that the interval I
contains all mt ,Mt , then
f
(∫
T
φt(xt)dμ(t)
)
≤
∫
T
φt
(
f (xt)
)
dμ(t) – δf x¯≤
∫
T
φt
(
f (xt)
)
dμ(t)
(resp.
f
(∫
T
φt(xt)dμ(t)
)
≥
∫
T
φt
(
f (xt)
)
dμ(t) – δf x¯≥
∫
T
φt
(
f (xt)
)
dμ(t)) ()
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holds, where
δf ≡ δf (m¯, M¯) = f (m¯) + f (M¯) – f
(m¯ + M¯

)
(
resp. δf ≡ δf (m¯, M¯) = f
(m¯ + M¯

)
– f (m¯) – f (M¯)
)
,
x¯≡ x¯x(m¯, M¯) = K –

M¯ – m¯
∣∣∣∣x – m¯ + M¯ K
∣∣∣∣
and m¯ ∈ [a,mx], M¯ ∈ [Mx,b], m¯ < M¯, are arbitrary numbers.
The proof is similar to [, Theorem ] and we omit it.
On the other hand, Mond, Pečarić, Furuta et al. in [, –] investigated converses
of Jensen’s inequality. For presenting these results, we introduce some abbreviations. Let
f : [m,M] → R, m <M. Then a linear function through (m, f (m)) and (M, f (M)) has the
form h(z) = kf z + lf , where
kf :=
f (M) – f (m)
M –m and lf :=
Mf (m) –mf (M)
M –m . ()
Using the Mond-Pečarić method, in [] the following generalized converse of Jensen’s
operator inequality () is presented
F
[
φ
(
f (A)
)
, g
(
φ(A)
)]≤ max
m≤z≤M
F
[
kf z + lf , g(z)
]
n˜, ()
for a convex function f deﬁned on an interval [m,M], m < M, where g is a real-valued
continuous function on [m,M], F(u, v) is a real-valued function deﬁned onU×V , operator
monotone in u,U ⊃ f [m,M],V ⊃ g[m,M], φ :Hn →Hn˜ is a unital positive linearmapping
and A is a self-adjoint operator with spectrum contained in [m,M].
A continuous version of () and in the case of
∫
T φt(H )dμ(t) = kK for some positive
scalar k, is presented in []. Recently, Mićić et al. [] obtained better bound than the
one given in () as follows.
Theorem  [, Theorem .] Let (xt)t∈T be a bounded continuous ﬁeld of self-adjoint
elements in a unital C∗-algebra A with the spectra in [m,M], m <M, deﬁned on a locally
compact Hausdorﬀ space T equipped with a bounded Radonmeasure μ, and let (φt)t∈T be
a unital ﬁeld of positive linear maps φt :A→ B from A to another unital C∗-algebra B.
Let mx and Mx,mx ≤Mx, be the bounds of the self-adjoint operator x =
∫
T φt(xt)dμ(t) and
f : [m,M] → R, g : [mx,Mx] → R, F :U × V → R, where f ([m,M]) ⊆ U , g([mx,Mx]) ⊆ V
and F is bounded.
If f is convex and F is an operator monotone in the ﬁrst variable, then
F
[∫
T
φt
(
f (xt)
)
dμ(t), g
(∫
T
φt(xt)dμ(t)
)]
≤ CK ≤ CK , ()
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where constants C ≡ C(F , f , g,m,M,mx,Mx) and C ≡ C(F , f , g,m,M) are
C = sup
mx≤z≤Mx
F
[
kf z + lf , g(z)
]
= sup
M–Mx
M–m ≤p≤M–mxM–m
F
[
pf (m) + ( – p)f (M), g
(
pm + ( – p)M
)]
,
C = sup
m≤z≤M
F
[
kf z + lf , g(z)
]
= sup
≤p≤
F
[
pf (m) + ( – p)f (M), g
(
pm + ( – p)M
)]
.
If f is concave, then reverse inequalities are valid in () with inf instead of sup in bounds
C and C.
In this paper, we present reﬁned converses of Jensen’s operator inequality. Applying
these results, we further reﬁne selected inequalities with power functions.
2 Main results
In the following we assume that (xt)t∈T is a bounded continuous ﬁeld of self-adjoint el-
ements in a unital C∗-algebra A with the spectra in [m,M], m <M, deﬁned on a locally
compact Hausdorﬀ space T equipped with a bounded Radon measure μ and that (φt)t∈T
is a unital ﬁeld of positive linear mappings φt :A→ B between C∗-algebras.
For convenience, we introduce abbreviations x˜ and δf as follows:
x˜≡ x˜xt ,φt (m,M) :=

K –

M –m
∫
T
φt
(∣∣∣∣xt – m +M H
∣∣∣∣)dμ(t), ()
wherem,M,m <M, are some scalars such that the spectra of xt , t ∈ T , are in [m,M];
δf ≡ δf (m,M) := f (m) + f (M) – f
(m +M

)
, ()
where f : [m,M]→R is a continuous function.
Obviously, mH ≤ xt ≤ MH implies –M–m H ≤ xt – m+M H ≤ M–m H for t ∈ T and∫
T φt(|xt – m+M H |)dμ(t) ≤ M–m
∫
T φt(H )dμ(t) =
M–m
 K . It follows x˜ ≥ . Also, if f is
convex (resp. concave), then δf ≥  (resp. δf ≤ ).
To prove our main result related to converse Jensen’s inequality, we need the following
lemma.
Lemma  Let f be a convex function on an interval I ,m,M ∈ I and p,p ∈ [, ] such that
p + p = . Then
min{p,p}
[
f (m) + f (M) – f
(m +M

)]
≤ pf (m) + pf (M) – f (pm + pM)
≤ max{p,p}
[
f (m) + f (M) – f
(m +M

)]
. ()
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Proof These results follow from [, Theorem , p.] for n = . For the reader’s conve-
nience, we give an elementary proof of ().
Let ai ≤ bi, i = , , be positive real numbers such that A = a + a < B = b + b. Using
Jensen’s inequality and its reverse, we get
Bf
(bm + bM
B
)
–Af
(am + aM
A
)
≤ (B –A)f
( (b – a)m + (b – a)M
B –A
)
≤ (b – a)f (m) + (b – a)f (M)
= bf (m) + bf(M) –
(
af (m) + af(M)
)
. ()
Suppose that  < p < p < , p + p = . Replacing a and a by p and p, respectively,
and putting b = b = p, A =  and B = p in (), we get
pf
(m +M

)
– f
(
pf (m) + pf (M)
)≤ pf (m) + pf(M) – (pf (m) + pf(M)),
which gives the right-hand side of (). Similarly, replacing b and b by p and p, respec-
tively, and putting a = a = p, A = p and B =  in (), we obtain the left-hand side of
().
If p = , p =  or p = , p = , then inequality () holds, since f is convex. If p = p =
/, then we have an equality in (). 
The main result of an improvement of the Mond-Pečarić method follows.
Lemma  Let (xt)t∈T , (φt)t∈T ,m and M be as above. Then∫
T
φt
(
f (xt)
)
dμ(t)≤ kf
∫
T
φt(xt)dμ(t) + lf K – δf x˜≤ kf
∫
T
φt(xt)dμ(t) + lf K ()
for every continuous convex function f : [m,M]→R, where x˜ and δf are deﬁned by () and
(), respectively.
If f is concave, then the reverse inequality is valid in ().
Proof We prove only the convex case. By using () we get
f (pm + pM)≤ pf (m) + pf (M) –min{p,p}
[
f (m) + f (M) – f
(m +M

)]
()
for every p,p ∈ [, ] such that p +p = . Let functions p,p : [m,M]→ [, ] be deﬁned
by
p(z) =
M – z
M –m , p(z) =
z –m
M –m .
Then, for any z ∈ [m,M], we can write
f (z) = f
( M – z
M –mm +
z –m
M –mM
)
= f
(
p(z)m + p(z)M
)
.
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By using () we get
f (z)≤ M – zM –mf (m) +
z –m
M –mf (M) – z˜
[
f (m) + f (M) – f
(m +M

)]
, ()
where
z˜ =  –

M –m
∣∣∣∣z – m +M
∣∣∣∣,
since
min
{ M – z
M –m ,
z –m
M –m
}
=  –

M –m
∣∣∣∣z – m +M
∣∣∣∣.
Now since Sp(xt)⊆ [m,M], by utilizing the functional calculus to (), we obtain
f (xt)≤ M – xtM –mf (m) +
xt –m
M –mf (M) – x˜t
[
f (m) + f (M) – f
(m +M

)]
,
where
x˜t =

H –

M –m
∣∣∣∣xt – m +M H
∣∣∣∣.
Applying a positive linear mapping φt , integrating and using
∫
T φt(H )dμ(t) = K , we get
the ﬁrst inequality in () since
x˜ =
∫
T
φt (˜xt)dμ(t) =

K –

M –m
∫
T
φt
(∣∣∣∣xt – m +M H
∣∣∣∣)dμ(t).
By using that δf x˜≥ , the second inequality in () holds. 
We can use Lemma  to obtain reﬁnements of some other inequalities mentioned in the
introduction. First, we present a reﬁnement of Theorem .
Theorem  Let mx and Mx, mx ≤ Mx, be the bounds of the operator x =
∫
T φt(xt)dμ(t)
and let mx˜ be the lower bound of the operator x˜. Let f : [m,M] → R, g : [mx,Mx] → R,
F :U ×V →R, where f ([m,M])⊆U , g([mx,Mx])⊆ V and F is bounded.
If f is convex and F is operator monotone in the ﬁrst variable, then
F
[∫
T
φt
(
f (xt)
)
dμ(t), g
(∫
T
φt(xt)dμ(t)
)]
≤ F
[
kf x + lf – δf x˜, g
(∫
T
φt(xt)dμ(t)
)]
≤ sup
mx≤z≤Mx
F
[
kf z + lf – δf mx˜, g(z)
]
K ≤ sup
mx≤z≤Mx
F
[
kf z + lf , g(z)
]
K . ()
If f is concave, then the reverse inequality is valid in () with inf instead of sup.
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Proof Weprove only the convex case. Then δf ≥  implies ≤ δf mx˜K ≤ δf x˜. By using ()
it follows that
∫
T
φt
(
f (xt)
)
dμ(t)≤ kf x + lf – δf x˜≤ kf x + lf – δf mx˜K ≤ kf x + lf .
Using operator monotonicity of F(·, v) in the ﬁrst variable, we obtain (). 
3 Difference-type converse inequalities
By using Jensen’s operator inequality, we obtain that
αg
(∫
T
φt(xt)dμ(t)
)
≤
∫
T
φt
(
f (xt)
)
dμ(t) ()
holds for every operator convex function f on [m,M], every function g and real number
α such that αg ≤ f on [m,M]. Now, applying Theorem  to the function F(u, v) = u – αv,
α ∈R, we obtain the following converse of (). It is also a reﬁnement of [, Theorem .].
Theorem  Let mx and Mx, mx ≤ Mx, be the bounds of the operator x =
∫
T φt(xt)dμ(t)
and f : [m,M]→R, g : [mx,Mx]→R be continuous functions.
If f is convex and α ∈R, then
∫
T
φt
(
f (xt)
)
dμ(t) – αg
(∫
T
φt(xt)dμ(t)
)
≤ max
mx≤z≤Mx
{
kf z + lf – αg(z)
}
K – δf x˜. ()
If f is concave, then the reverse inequality is valid in () with min instead of max.
Remark  () Obviously,
∫
T
φt
(
f (xt)
)
dμ(t) – αg
(∫
T
φt(xt)dμ(t)
)
≤ max
mx≤z≤Mx
{
kf z + lf – αg(z)
}
K – δf y˜≤ maxmx≤z≤Mx
{
kf z + lf – αg(z)
}
K
for every convex function f , every α ∈R, andmx˜K ≤ y˜≤ x˜, wheremx˜ is the lower bound
of x˜.
() According to [, Corollary .], we can determine the constant in the RHS of ().
(i) Let f be convex. We can determine the value Cα in
∫
T
φt
(
f (xt)
)
dμ(t) – αg
(∫
T
φt(xt)dμ(t)
)
≤ CαK – δf x˜
as follows:
• if α ≤ , g is convex or α ≥ , g is concave, then
Cα =max
{
kf mx + lf – αg(mx),kfMx + lf – αg(Mx)
}
; ()
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• if α ≤ , g is concave or α ≥ , g is convex, then
Cα =
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
kf mx + lf – αg(mx) if αg ′–(z)≥ kf for every z ∈ (mx,Mx),
kf z + lf – αg(z) if αg ′–(z)≤ kf ≤ αg ′+(z)
for some z ∈ (mx,Mx),
kfMx + lf – αg(Mx) if αg ′+(z)≤ kf for every z ∈ (mx,Mx).
()
(ii) Let f be concave. We can determine the value cα in
cαK – δf x˜≤
∫
T
φt
(
f (xt)
)
dμ(t) – αg
(∫
T
φt(xt)dμ(t)
)
as follows:
• if α ≤ , g is convex or α ≥ , g is concave, then cα is equal to the right-hand side in
() with reverse inequality signs;
• if α ≤ , g is concave or α ≥ , g is convex, then cα is equal to the right-hand side in
() with min instead of max.
TheoremandRemark () applied to functions f (z) = zp and g(z) = zq give the following
corollary, which is a reﬁnement of [, Corollary .].
Corollary  Let (xt)t∈T be a ﬁeld of strictly positive operators, let mx andMx,mx ≤Mx, be
the bounds of the operator x =
∫
T φt(xt)dμ(t). Let x˜ be deﬁned by ().
(i) Let p ∈ (–∞, ]∪ [,∞). Then
∫
T
φt
(
xpt
)
dμ(t) – α
(∫
T
φt(xt)dμ(t)
)q
≤ CαK –
(
mp +Mp – –p(m +M)p
)˜
x,
where the constant Cα is determined as follows:
• if α ≤ , q ∈ (–∞, ]∪ [,∞) or α ≥ , q ∈ (, ), then
Cα =max
{
ktpmx + ltp – αmqx ,ktpMx + ltp – αMqx
}
; ()
• if α ≤ , q ∈ (, ) or α ≥ , q ∈ (–∞, ]∪ [,∞), then
Cα =
⎧⎪⎪⎨⎪⎪⎩
ktpmx + ltp – αmqx if (αq/ktp )/(–q) ≤mx,
ltp + α(q – )(αq/ktp )q/(–q) if mx ≤ (αq/ktp )/(–q) ≤Mx,
ktpMx + ltp – αMqx if (αq/ktp )/(–q) ≥Mx,
()
where ktp := (Mp –mp)/(M –m) and ltp := (Mmp –mMp)/(M –m).
(ii) Let p ∈ (, ). Then
cαK +
(
–p(m +M)p –mp –Mp
)˜
x≤
∫
T
φt
(
xpt
)
dμ(t) – α
(∫
T
φt(xt)dμ(t)
)q
,
where the constant cα is determined as follows:
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• if α ≤ , q ∈ (–∞, ]∪ [,∞) or α ≥ , q ∈ (, ), then cα is equal to the right-hand side
in ();
• if α ≤ , q ∈ (, ) or α ≥ , q ∈ (–∞, ]∪ [,∞), then cα is equal to the right-hand side
in () with min instead of max.
UsingTheorem andRemark  for g ≡ f and α =  and utilizing elementary calculations,
we obtain the following converse of Jensen’s inequality.
Theorem  Let mx and Mx, mx ≤ Mx, be the bounds of the operator x =
∫
T φt(xt)dμ(t)
and let f : [m,M]→R be a continuous function.
If f is convex, then
≤
∫
T
φt
(
f (xt)
)
dμ(t) – f
(∫
T
φt(xt)dμ(t)
)
≤ C¯K – δf x˜, ()
where x˜ and δf are deﬁned by () and (), respectively, and
C¯ = max
mx≤z≤Mx
{
kf z + lf – f (z)
}
. ()
Furthermore, if f is strictly convex diﬀerentiable, then the bound C¯K – δf x˜ satisﬁes the
following condition:
≤ C¯K – δf x˜≤
{
f (M) – f (m) – f ′(m)(M –m) – δf mx˜
}
K ,
where mx˜ is the lower bound of the operator x˜. We can determine the value C¯ in () as
follows:
C¯ = kf z + lf – f (z), ()
where
z =
⎧⎪⎪⎨⎪⎪⎩
mx if f ′(mx)≥ kf ,
f ′–(kf ) if f ′(mx)≤ kf ≤ f ′(Mx),
Mx if f ′(Mx)≤ kf .
()
In the dual case,when f is concave, the reverse inequality is valid in ()withmin instead
ofmax in (). Furthermore, if f is strictly concave diﬀerentiable, then the bound C¯K – δf x˜
satisﬁes the following condition:
{
f (M) – f (m) – f ′(m)(M –m) – δf mx˜
}
K ≤ C¯K – δf x˜≤ .
We can determine the value C¯ in ()with z,which equals the right-hand side in ()with
reverse inequality signs.
Example  We give examples for the matrix cases and T = {, }. We put f (t) = t, which
is convex, but not operator convex. Also, we deﬁne mappings , :M(C)→M(C) by
((aij)≤i,j≤) =  (aij)≤i,j≤,  = and measures by μ({}) = μ({}) = .
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Figure 1 Reﬁnement for two operators and a convex function f .
(I) First, we observe an example without the spectra condition (see Figure (a)). Then
we obtain a reﬁned inequality as in (), but do not have reﬁned Jensen’s inequality.
If X = 
⎛⎜⎝    
  
⎞⎟⎠ and X = 
⎛⎜⎝    
  
⎞⎟⎠ , then X = (  
)
and m = –., M = ., m = , M = , m = –., M = . (rounded to three
decimal places). We have
(
(X) +(X)
) = ( 
 
)

(
 
 
)
=
(
X
)
+
(
X
)
and

(
X
)
+
(
X
)
=
(
 
 
)
<
(
X
)
+
(
X
)
+ C¯I – δf X˜ =
(
. .
. .
)
<
(
(X) +(X)
) + C¯I = (.  .
)
,
since C¯ = ., δf = ., X˜ =
( . –.
–. .
)
.
(II) Next, we observe an example with the spectra condition (see Figure (b)). Then we
obtain a series of inequalities involving reﬁned Jensen’s inequality and its converses.
If X =
⎛⎜⎝–   – –
 – –
⎞⎟⎠ and X =
⎛⎜⎝  – ––  
–  
⎞⎟⎠ , then X = 
(
 
 
)
and m = –., M = –., m = ., M = ., m = –., M = ., a =
–., b = . and we put m¯ = a, M¯ = b (rounded to three decimal places). We
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have
(
(X) +(X)
) = (. 
 
)
<
(
X
)
+
(
X
)
– δf (a,b)X¯ =
(
. –
– .
)
<
(
X
)
+
(
X
)
=
(
. –
– .
)
<
(
(X) +(X)
) + C¯I – δf (m,M)X˜ = ( . –.–. .
)
<
(
(X) +(X)
) + C¯I =
(
. 
 .
)
,
since δf (a,b) = ., X¯ =
( . 
 .
)
, δf (m,M) = ., X˜ =
( . –.
–. .
)
and C¯ =
..
Applying Theorem  to f (t) = tp, we obtain the following reﬁnement of [, Corol-
lary .].
Corollary  Let (xt)t∈T be a ﬁeld of strictly positive operators, let mx andMx,mx ≤Mx, be
the bounds of the operator x =
∫
T φt(xt)dμ(t). Let x˜ be deﬁned by (). Then
≤
∫
T
φt
(
xpt
)
dμ(t) –
(∫
T
φt(xt)dμ(t)
)p
≤ C¯(mx,Mx,m,M,p)K –
(
mp +Mp – –p(m +M)p
)˜
x
≤ C¯(mx,Mx,m,M,p)K ≤ C(m,M,p)K
for p /∈ (, ), and
C(m,M,p)K ≤ c¯(mx,Mx,m,M,p)K
≤ c¯(mx,Mx,m,M,p)K +
(
–p(m +M)p –mp –Mp
)˜
x
≤
∫
T
φt
(
xpt
)
dμ(t) –
(∫
T
φt(xt)dμ(t)
)p
≤ 
for p ∈ (, ), where
C¯(mx,Mx,m,M,p) =
⎧⎪⎪⎨⎪⎪⎩
ktpmx + ltp –mpx if pmp–x ≥ ktp ,
C(m,M,p) if pmp–x ≤ ktp ≤ pMp–x ,
ktpMx + ltp –Mpx if pMp–x ≤ ktp ,
()
and c¯(mx,Mx,m,M,p) equals the right-hand side in () with reverse inequality signs.
C(m,M,p) is the known Kantorovich-type constant for diﬀerence (see, i.e., [, §.]):
C(m,M,p) = (p – )
( Mp –mp
p(M –m)
)/(p–)
+ Mm
p –mMp
M –m for p ∈R.
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4 Ratio-type converse inequalities
In [, Theorem .] the following ratio-type converse of () is given:∫
T
φt
(
f (xt)
)
dμ(t)≤ max
mx≤z≤Mx
{kf z + lf
g(z)
}
g
(∫
T
φt(xt)dμ(t)
)
, ()
where f is convex and g > . Applying Theorem  and Theorem , we obtain the following
two reﬁnements of ().
Theorem  Let mx and Mx, mx ≤ Mx, be the bounds of the operator x =
∫
T φt(xt)dμ(t)
and let f : [m,M]→R, g : [mx,Mx]→R be continuous functions.
If f is convex and g > , then∫
T
φt
(
f (xt)
)
dμ(t)≤ max
mx≤z≤Mx
{kf z + lf
g(z)
}
g
(∫
T
φt(xt)dμ(t)
)
– δf x˜ ()
and ∫
T
φt
(
f (xt)
)
dμ(t)≤ max
mx≤z≤Mx
{kf z + lf – δf mx˜
g(z)
}
g
(∫
T
φt(xt)dμ(t)
)
, ()
where x˜ and δf are deﬁned by () and (), respectively, and mx˜ is the lower bound of the
operator x˜. If f is concave, then reverse inequalities are valid in () and () with min
instead of max.
Proof We prove only the convex case. Let α = maxmx≤z≤Mx{ kf z+lfg(z) }. Then there is z ∈
[mx,Mx] such that α =
kf z+lf
g(z) and
kf z+lf
g(z) ≤ α for all z ∈ [mx,Mx]. It follows that kf z + lf –
αg(z) =  and kf z + lf – αg(z)≤  for all z ∈ [mx,Mx]. So,
max
mx≤z≤Mx
{
kf z + lf – αg(z)
}
= .
By using (), we obtain (). Inequality () follows directly from Theorem  by putting
F(u, v) = v–/uv–/. 
Remark  () Inequality () is a reﬁnement of () since δf x˜ ≥ . Also, () is a reﬁne-
ment of () sincemx˜ ≥  and g >  implies
max
mx≤z≤Mx
{kf z + lf – δf mx˜
g(z)
}
≤ max
mx≤z≤Mx
{kf z + lf
g(z)
}
.
() Let the assumptions of Theorem  hold. Generally, there is no relation between the
right-hand sides of inequalities () and () under the operator order (see Example ).
But, for example, if g(
∫
T φt(xt)dμ(t)) ≤ g(z)K , where z ∈ [mx,Mx] is the point where it
achieves maxmx≤z≤Mx{ kf z+lfg(z) }, then the following order holds:∫
T
φt
(
f (xt)
)
dμ(t) ≤ max
mx≤z≤Mx
{kf z + lf
g(z)
}
g
(∫
T
φt(xt)dμ(t)
)
– δf x˜
≤ max
mx≤z≤Mx
{kf z + lf – δf mx˜
g(z)
}
g
(∫
T
φt(xt)dμ(t)
)
.
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Example  Let f (t) = g(t) = t, k((aij)≤i,j≤) =  (aij)≤i,j≤ and μ({k}) = , k = , .
If X =
⎛⎜⎝    
  
⎞⎟⎠ and X =
⎛⎜⎝  – ––  
–  
⎞⎟⎠ , then X = (.  
)
and m = ., M = ., m = ., M = ., m = ., M = . (rounded to
three decimal places). We have

(
X
)
+
(
X
)
=
(
. –.
–. 
)
< α
(
(X) +(X)
) – δf x˜ = (. –.–. .
)
< α
(
(X) +(X)
) = (. 
 .
)
,
()
since α =maxmx≤z≤Mx{ kf z+lfg(z) } = ., δf = ., x˜ =
( . .
. .
)
. Further,

(
X
)
+
(
X
)
=
(
. –.
–. 
)
< α
(
(X) +(X)
) = (. 
 .
)
< α
(
(X) +(X)
) = (. 
 .
)
,
()
since α =maxmx≤z≤Mx{ kf z+lf –δf mx˜g(z) } = .. We remark that there is no relation between
matrices in the right-hand sides of equalities () and ().
Remark  Similar to [, Corollary .], we can determine the constant in the RHS of
().
(i) Let f be convex. We can determine the value C in∫
T
φt
(
f (xt)
)
dμ(t)≤ Cg
(∫
T
φt(xt)dμ(t)
)
as follows:
• if g is convex, then
Cα =
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
kf mx+lf –δf mx˜
g(mx) if g
′
–(z)≥ kf g(z)kf z+lf –δf mx˜ for every z ∈ (mx,Mx),
kf z+lf –δf mx˜
g(z) if g
′
–(z)≤ kf g(z)kf z+lf –δf mx˜ ≤ g ′+(z)
for some z ∈ (mx,Mx),
kf Mx+lf –δf mx˜
g(Mx) if g
′
+(z)≤ kf g(z)kf z+lf –δf mx˜ for every z ∈ (mx,Mx);
()
• if g is concave, then
C =max
{kf mx + lf – δf mx˜
g(mx)
, kfMx + lf – δf mx˜g(Mx)
}
. ()
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Also, we can determine the constant D in∫
T
φt
(
f (xt)
)
dμ(t)≤Dg
(∫
T
φt(xt)dμ(t)
)
– δf x˜
in the same way as the above constant C but without mx˜.
(ii) Let f be concave. We can determine the value c in
cg
(∫
T
φt(xt)dμ(t)
)
≤
∫
T
φt
(
f (xt)
)
dμ(t)
as follows:
• if g is convex, then c is equal to the right-hand side in () with min instead of max;
• if g is concave, then c is equal to the right-hand side in () with reverse inequality
signs.
Also, we can determine the constant d in
dg
(∫
T
φt(xt)dμ(t)
)
– δf x˜≤
∫
T
φt
(
f (xt)
)
dμ(t)
in the same way as the above constant c but without mx˜.
Theorem  and Remark  applied to functions f (z) = zp and g(z) = zq give the following
corollary, which is a reﬁnement of [, Corollary .].
Corollary  Let (xt)t∈T be a ﬁeld of strictly positive operators, let mx and Mx, mx ≤ Mx,
be the bounds of the operator x =
∫
T φt(xt)dμ(t). Let x˜ be deﬁned by (), mx˜ be the lower
bound of the operator x˜ and δp :=mp +Mp – –p(m +M)p.
(i) Let p ∈ (–∞, ]∪ [,∞). Then
∫
T
φt
(
xpt
)
dμ(t)≤ C
(∫
T
φt(xt)dμ(t)
)q
,
where the constant C is determined as follows:
• if q ∈ (–∞, ]∪ [,∞), then
C =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
ktpmx+ltp–δpmx˜
mqx
if q–q
ltp–δpmx˜
ktp
≤mx,
ltp–δpmx˜
–q (
–q
q
ktp
ltp–δpmx˜
)q if mx ≤ q–q ltp–δpmx˜ktp ≤Mx,
ktpMx+ltp–δpmx˜
Mqx
if q–q
ltp–δpmx˜
ktp
≥Mx;
()
• if q ∈ (, ), then
C =max
{ktpmx + ltp – δpmx˜
mqx
, kt
pq,Mx + ltp – δpmx˜
Mqx
}
. ()
Also,∫
T
φt
(
xpt
)
dμ(t)≤D
(∫
T
φt(xt)dμ(t)
)q
– δp˜x
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holds, where D is determined in the same way as the above constant C but without
mx˜.
(ii) Let p ∈ (, ). Then
c
(∫
T
φt(xt)dμ(t)
)q
≤
∫
T
φt
(
xpt
)
dμ(t),
where the constant c is determined as follows:
• if q ∈ (–∞, ]∪ [,∞), then c is equal to the right-hand side in () with min instead
of max;
• if q ∈ (, ), then cα is equal to the right-hand side in ().
Also,
d
(∫
T
φt(xt)dμ(t)
)q
– δp˜x≤
∫
T
φt
(
xpt
)
dμ(t)
holds, where δp ≤ , x˜≥  and d is determined in the same way as the above constant
d but without mx˜.
Using Theorem  and Remark  for g ≡ f and utilizing elementary calculations, we
obtain the following converse of Jensen’s operator inequality.
Theorem  Let mx and Mx,mx ≤Mx, be the bounds of the operator x =
∫
T φt(xt)dμ(t).
If f : [m,M]→R is a continuous convex function and strictly positive on [mx,Mx], then
∫
T
φt
(
f (xt)
)
dμ(t)≤ max
mx≤z≤Mx
{kf z + lf – δf mx˜
f (z)
}
f
(∫
T
φt(xt)dμ(t)
)
()
and ∫
T
φt
(
f (xt)
)
dμ(t)≤ max
mx≤z≤Mx
{kf z + lf
f (z)
}
f
(∫
T
φt(xt)dμ(t)
)
– δf x˜, ()
where x˜ and δf are deﬁned by () and (), respectively, and mx˜ is the lower bound of the
operator x˜.
In the dual case, if f is concave, then the reverse inequalities are valid in () and ()
with min instead of max.
Furthermore, if f is convex diﬀerentiable on [mx,Mx], we can determine the constant
α ≡ α(m,M,mx,Mx, f ) = maxmx≤z≤Mx
{kf z + lf – δf mx˜
f (z)
}
in () as follows:
α =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
kf mx+lf –δf mx˜
f (mx) if f
′(z)≥ kf f (z)kf z+lf –δf mx˜ for every z ∈ (mx,Mx),
kf z+lf –δf mx˜
f (z) if f
′(z) =
kf f (z)
kf z+lf –δf mx˜ for some z ∈ (mx,Mx),
kf Mx+lf –δf mx˜
f (Mx) if f
′(z)≤ kf f (z)kf z+lf –δf mx˜ for every z ∈ (mx,Mx).
()
Mic´ic´ et al. Journal of Inequalities and Applications 2013, 2013:353 Page 16 of 20
http://www.journaloﬁnequalitiesandapplications.com/content/2013/1/353
Also, if f is strictly convex twice diﬀerentiable on [mx,Mx], then we can determine the
constant
α ≡ α(m,M,mx,Mx, f ) = maxmx≤z≤Mx
{kf z + lf
f (z)
}
in () as follows:
α =
kf z + lf
f (z)
, ()
where z ∈ (mx,Mx) is deﬁned as the unique solution of the equation kf f (z) = (kf z + lf )f ′(z)
provided (kf mx + lf )f ′(mx)/f (mx)≤ kf ≤ (kfMx + lf )f ′(Mx)/f (Mx). Otherwise, z is deﬁned
as mx or Mx provided kf ≤ (kf mx + lf )f ′(mx)/f (mx) or kf ≥ (kfMx + lf )f ′(Mx)/f (Mx), respec-
tively.
In the dual case, if f is concave diﬀerentiable, then the value α is equal to the right-hand
side in () with reverse inequality signs. Also, if f is strictly concave twice diﬀerentiable,
then we can determine the value α in ()with z,which equals the right-hand side in ()
with reverse inequality signs.
Remark  If f is convex and strictly negative on [mx,Mx], then () and () are valid
with min instead of max. If f is concave and strictly negative, then reverse inequalities are
valid in () and ().
Applying Theorem  to f (t) = tp, we obtain the following reﬁnement of [, Corol-
lary .].
Corollary  Let (xt)t∈T be a ﬁeld of strictly positive operators, let mx and Mx, mx ≤ Mx,
be the bounds of the operator x =
∫
T φt(xt)dμ(t). Let x˜ be deﬁned by (), mx˜ be the lower
bound of the operator x˜ and δp :=mp +Mp – –p(m +M)p.
If p /∈ (, ), then
 ≤
∫
T
φt
(
xpt
)
dμ(t)≤ K¯ (mx,Mx,m,M,p, )
(∫
T
φt(xt)dμ(t)
)p
– δp
≤ K¯(mx,Mx,m,M,p, )
(∫
T
φt(xt)dμ(t)
)p
≤ K(m,M,p)
(∫
T
φt(xt)dμ(t)
)p
()
and
 ≤
∫
T
φt
(
xpt
)
dμ(t)≤ K¯ (mx,Mx,m,M,p,mx˜)
(∫
T
φt(xt)dμ(t)
)p
≤ K¯(mx,Mx,m,M,p, )
(∫
T
φt(xt)dμ(t)
)p
≤ K(m,M,p)
(∫
T
φt(xt)dμ(t)
)p
, ()
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where
K¯(mx,Mx,m,M,p, c) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
ktpmx+ltp–cδp
mpx
if p(ltp–cδp)mx ≥ ( – p)ktp ,
K(m,M,p, c) if p(ltp–cδp)mx < ( – p)ktp <
p(ltp–cδp)
Mx ,
ktpMx+ltp–cδp
Mpx
if p(ltp–cδp)Mx ≤ ( – p)ktp .
()
K(m,M,p, c) is a generalization of the known Kantorovich constant K (m,M,p) ≡ K(m,
M,p, ) (deﬁned in [, §.]) as follows:
K(m,M,p, c)
:= mM
p –Mmp + cδp(M –m)
(p – )(M –m)
(p – 
p
Mp –mp
mMp –Mmp + cδp(M –m)
)p
, ()
for p ∈R and ≤ c≤ ..
If p ∈ (, ), then∫
T
φt
(
xpt
)
dμ(t)≥ k¯(mx,Mx,m,M,p, )
(∫
T
φt(xt)dμ(t)
)p
– δp˜x
≥ k¯(mx,Mx,m,M,p, )
(∫
T
φt(xt)dμ(t)
)p
≥ K(m,M,p)
(∫
T
φt(xt)dμ(t)
)p
≥ 
and ∫
T
φt
(
xpt
)
dμ(t)≥ k¯(mx,Mx,m,M,p,mx˜)
(∫
T
φt(xt)dμ(t)
)p
≥ k¯(mx,Mx,m,M,p, )
(∫
T
φt(xt)dμ(t)
)p
≥ K(m,M,p)
(∫
T
φt(xt)dμ(t)
)p
≥ ,
where k¯(mx,Mx,m,M,p, c) equals the right-hand side in () with reverse inequality signs.
Proof The second inequalities in () and () follow directly from () and () by using
() and (), respectively. The last inequality in () follows from
K¯(mx,Mx,m,M,p, ) = maxmx≤z≤Mx
{ktpz + ltp
zp
}
≤ max
m≤z≤M
{ktpz + ltp
zp
}
= K(m,M,p).
The third inequality in () follows from
K¯(mx,Mx,m,M,p,mx˜) = maxmx≤z≤Mx
{ktpz + ltp – δpmx˜
zp
}
≤ K¯(mx,Mx,m,M,p, ),
since δpmx˜ ≥  for p /∈ (, ) andMx ≥mx ≥ . 
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Figure 2 Relation between K(p, c) for p ∈R and 0
≤ c≤ 0.5.
Appendix A: A new generalization of the Kantorovich constant
Deﬁnition  Let h > . Further generalization of Kantorovich constant K(h,p) (given in
[, Deﬁnition .]) is deﬁned by
K(h,p, c) := h
p – h + c(hp +  – –p(h + )p)(h – )
(p – )(h – )
×
(p – 
p
hp – 
hp – h + c(hp +  – –p(h + )p)(h – )
)p
for any real number p ∈ R and any c,  ≤ c ≤ .. The constant K(h,p, c) is sometimes
denoted by K(p, c) brieﬂy. Some of those constants are depicted in Figure .
By inserting c =  in K(h,p, c), we obtain the Kantorovich constant K(h,p). The constant
K(m,M,p, c) deﬁned by () coincides with K(h,p, c) by putting h =M/m > .
Lemma  Let h > . The generalized Kantorovich constant K (h,p, c) has the following
properties:
(i) K(h,p, c) = K( h ,p, c) for all p ∈R,
(ii) K(h, , c) = K(h, , c) =  for all ≤ c≤ . and K(,p, c) =  for all p ∈R,
(iii) K(h,p, c) is decreasing of c for p /∈ (, ) and increasing of c for p ∈ (, ),
(iv) K(h,p, c)≥  for all p /∈ (, ) and  < K(h, ., )≤ K(h,p, c)≤  for all p ∈ (, ),
(v) K(h,p, c)≤ hp– for all p≥ .
Proof (i) We use an easy calculation:
K
( 
h ,p, c
)
= h
–p – h– + c(h–p +  – –p(h– + )p)(h– – )
(p – )(h– – )
×
(p – 
p
h–p – 
h–p – h– + c(h–p +  – –p(h– + )p)(h– – )
)p
= h – h
p + c( + hp – –p(h + )p)( – h)
(p – )( – h)
×
(p – 
p
 – hp
h – hp + c( + hp – –p(h + )p)( – h)
)p
= K(h,p, c).
(ii) Let h > . The logarithms calculation and l’Hospital’s theorem give K(h,p,b) →  as
p→ , K(h,p,b)→  as p→  and K(h,p,b)→  as h→ +. Now using (i) we obtain (ii).
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(iii) Let h >  and ≤ c≤ ..
dK(h,p, c)
dc = 
((h + 

)p
– h
p + 

)
×
(p – 
p
hp – 
h – hp + c(hp +  – –p(h + )p)(h – )
)p
.
Since the function z → zp is convex (resp. concave) on (,∞) if p /∈ (, ) (resp. p ∈ (, )),
then ( h+ )p ≤ h
p+
 (resp. (
h+
 )p ≥ h
p+
 ) for every h > . Then
dK (h,p,c)
dc ≤  if p /∈ (, ) and
dK (h,p,c)
dc ≥  if p ∈ (, ), which gives that K(h,p, c) is decreasing of c if p /∈ (, ) and in-
creasing of c if p ∈ (, ).
(iv) Let h >  and ≤ c≤ .. If p >  then
 < (p – )(h – )hp – h + c(hp +  – –p(h + )p)(h – )
≤ p – p
hp – 
hp – h + c(hp +  – –p(h + )p)(h – )
implies
(p – )(h – )
hp – h + c(hp +  – –p(h + )p)(h – )
≤
(p – 
p
hp – 
hp – h + c(hp +  – –p(h + )p)(h – )
)p
,
which gives K(h,p, c) ≥ . Similarly, K(h,p, c) ≥  if p <  and K(h,p, c) ≤  if p ∈ (, ).
Next, using (iii) and [, Theorem .(iv)], K(h,p, c) ≥ K(h,p, ) ≥ K(h, ., ) for p ∈
(, ).
(v) Let p≥ . Using (iii) and [, Theorem .(vi)], K(h,p, c)≤ K(h,p, )≤ hp–. 
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